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ABSTRACT 
Very little is known about upper bounds for the largest eigenvalues of a tree that 
depend only on the vertex number. Starting from a classical upper bound for the 
largest eigenvalue, some refinements can be obtained by successively removing trees 
from consideration. The results can be used to characterize those trees that maximize 
the second largest eigenvalue. This corrects a result from the literature, and it 
includes a proof of a conjecture of Neumaier. The main tool for this endeavor is the 
theory of partial engenvectors. 0 Elsevier Science Inc., 1997 
1. INTRODUCTION 
In this paper, we consider only connected finite graphs and, in particular, 
trees. If G is a graph with n vertices, then its adjacency matrix is denoted by 
A(G). Since this matrix is symmetric, all of its eigenvalues are real; we 
assume, without loss of generality, that they are ordered in decreasing order, 
i.e., 
A,(G) > A,(G) a h,(G) > -** > A,(G). 
Note that the largest eigenvalue is of multiplicity one, since A(G) is irre- 
ducible for connected graphs; this is part of the well-known Frobenius 
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A2 = 1.247, a = 1.225 Xz = 1.921, a = 1.871 
FIG. 1. Two counterexamples. 
theorem (see e.g. [Z]). If it is clear which graph is under consideration, we 
write A,, . . . , A, for short. 
The purpose of this paper is to find upper bounds for the first two 
eigenvalues of trees T that depend only on the number of vertices. In a first 
part, we develop some bounds for the largest eigenvalue A,. The starting 
point will be the classical bound 
A, < \ln - 1 . 
We will refine this result by successively removing trees from our considera- 
tion. These results can be used to classify trees T by means of their second 
largest eigenvalue and to give upper bounds for A,. A powerful tool for this 
endeavor will be the theory of partial eigenvalues [4]. However, it is claimed 
in [4] that A2 I [i< n - 3)] ‘/’ This claim is not true, as it can be seen from . 
the graphs of Figure 1. 
It will be shown that in fact there exist only few trees violating the bound 
A, < [k<n - 3)]l/‘; all of them have a strange common structure with the 
trees of Figure 1. In particular, we will characterize all trees that maximize 
A,; this includes a proof of a conjecture of Neumaier [4]. 
In the proofs of our theorems, we will make extensive use of the so-called 
interlacing property for the eigenvalues. If G is a graph with n vertices and 
x is anyone of them, then 
hi+,(G) < A,(G - x) Q A,(G), 
for every i = l,..., 72; this is a classical result of matrix theory [3]. 
Whenever we state that the eigenvalues of a certain tree satisfy or violate 
a certain inequality, this can be checked easily using the graph spectra tables 
in [l]. 
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Many of the trees which appear in the following will obtain an s-claw for 
a positive integer s, that is, a vertex x adjacent to s vertices of degree 1. This 
will be drawn as 
2. THE LARGEST EIGENVALUE OF A TREE 
As mentioned in the introduction, h, < &T for any tree T with n 
vertices. From now on, we will assume that T has n vertices unless nothing 
else is stated. The first theorem is classical and characterizes all trees for 
which equality holds. 
THEOREM 1. Let T be a tree with n vertices, Then A, < \ln-1, and 
equality holds if and only if T = S,, the star with n vertices. 
A proof of this theorem can be found e.g. in [4]. 
The purpose of this chapter is to refine this result step by step; the 
obtained results will be needed to prove an upper bound for the second 
largest eigenvalue of a tree. 
THEOREM 2. Let T be a tree with n vertices with n 2 4 and T Z S,. 
Then 
i(n-l+dn’-6n+13), 
and equality holds if and only if there is a vertex of degree 1 of T such that 
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T-X = Sn_l, i.e., 
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Proof. First we note that, for every subtree T’ of T with at least two 
vertices, h,(T’) < A,(T), because of interlacing. 
Now let T be a tree with n vertices and 
i(n-l+dn’-6n+13). (I) 
The spectrum of T is symmetric, since trees are bipartite (see e.g. [l, p. 871); 
hence it follows with an adjacency matrix A of T that 
[n/Z1 
2(n - 1) = tr( A’) = k hf = 2hf + 2 c hf. 
i=l i=l 
It follows, using the inequality (11, that 
In/21 
c A; = n - 1 - A: < i(n - 1) - i\/n’ - 6n + 13. 
i=2 
The right side of this inequality is smaller than 1; in particular, it follows that 
A, < 1. (2) 
The diameter of T is at least 3, since T # S,. On the other hand, if the 
diameter of T were greater than 3, then T would contain the path Ps with 
five vertices as a subgraph; by interlacing, we would find A,(T) > 1, since 
A,(P,) = 1, and this is a contradiction to the inequality (2). By the same 
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reason, T does not contain the tree 
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since h,(Z,) = 1; hence 
It remains to compute A,(T). It is well known that, for all i = 1, . . . , [n/21, 
given the characteristic polynomial Pr( x) of a tree F, the coefficient of x “- ‘* 
equals the number of i-matchings of T, multiplied by (- 1)‘. This follows 
immediately from the well-known coefficient theorem for the characteristic 
polynomial of a graph [S]. Hence 
P,(x) =r”-qX4-(n-l)x2+(n-3)], 
and the assertion follows by standard arguments. n 
Excluding the trees satisfying equality in Theorem 2 leads to the following 
result. 
THEOREM 3. Let T be a tree with n > 4 vertices, T # S,, and 
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Then 
+(n - 1 + 4n2 - 10n + 33 ) , 
and equality holds if and only if 
Proof. Let T satisfy the hypothesis of the theorem, and assume that 
+(n - 1 + 4n2 - 10n + 33) . (3) 
As in the proof of Theorem 2, we obtain 
[n/U 
C AT < +(n - 1) - +4n” - 10n + 33 < 2, (4 
i=2 
where the last inequality can be verified by a simple computation. In 
particular, it follows from (4) that A, < fi and, for n > 5, that A, < I. 
Hence the following trees are forbidden as subtrees of T, which follows again 
from interlacing: 
G=>-=-= Tz = >-=-=- 
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The trees T, - T4 have h, = &, and for T,, A, = 1. Moreover, hi + hi > 2 
for T6 and T,. 
Now let d be the diameter of T. Since T # S,, d > 3. On the other 
hand, d Q 5, since T3 is forbidden. We distinguish the following three cases. 
Case 1. Assume that d = 5. Since T, and T6 are forbidden, we conclude 
that T = PC, the path with six vertices; but for P6, Equation (3) does not hold. 
Case 2. Assume that d = 4. Since T5 is forbidden, there exist numbers 
r, s > 1 and t > 0, such that 
Since T, is forbidden, we may assume that r = 1. 
If s as well as t were > 2, then T7 must be a subtree of T, which is 
forbidden. Hence we distinguish: 
Case 2~. Let x > 2. Then t = 0 or t = 1. If t = 0, then 
P,(x) =xn-‘qx4- (a- 1)x2+ (2n-7)]; 
hence 
+(n - 1 + dn2 - 10n + 29) , (6) 
a contradiction. If t = 1, then II: + Ai > 2 for s > 2, while (3) does not hold 
for s = 2. 
Case 2b. Now let t > 2. Then s = 1, and 
PT(X) = x n-y x2 - l)[ x4 - (n - 2)x2 + (n - 5)], 
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hence 
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$(n - 2 + dn2 - 8n + 24) ; (7) 
but this is also a contradiction to (3). 
Case 2c. If s = 1 and t Q 1, a short calculation shows that (3) does not 
hold. 
Case 3. It remains to consider the case that d = 3. In this case there 
exist r, s E N such that 
We may assume without loss of generality that r > s. Moreover, we may 
assume that s < 2, since a contradiction to the inequality (3) occurs for 
r = s = 3, and T4 is forbidden as a subtree [see (5>]. Moreover, s = 1 is 
forbidden by assumption. We conclude that s = 2; hence 
T= 
The characteristic polynomial of T is 
or =xY-~[x~ - (n - 1)x2 + (2n - 8)], 
and we obtain 
$(n-l+dn’-lOn+33), 
which completes the proof. 
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The proof of the preceding theorem contains enough information to 
refine its result twice, which is reflected by the following two theorems. 
THEOREM 4. Let T be a tree with n > 5 vertices, and let 
Then 
t(n-2+dn2-8n+24), 
and equality holds if and only if 
T= 
Proof. Let T satisfy the hypothesis of the theorem, and assume that 
i(n-2+dn2-8n+24). (8) 
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As in the proof of Theorem 3, we obtain 
[n/21 
c hf < i(n - \l,’ - 8n + 24) < 2; 
i=2 
hence we have again the forbidden subtrees T,-T, [see (511. Now we obtain 
the same cases as in the proof of Theorem 3. 
Case 1. If d = 5, there is only one possibility for T, namely P6. But then 
the inequality (8) does not hold for T. 
Case 2. Let d = 4. We use notation of the proof of Theorem 3 and 
assume again that r = 1. If s > 2 and t = 0, then the inequality (8) does not 
hold for T, which can be obtained by Equation (6). If t = 1, then we can 
argue as in the corresponding case of the proof of Theorem 3. Now assume 
that s = 1. Then we have equality in (8) by Equation (7), and it is easy to see 
that Equation (7) is true not only for t > 2, but also for t = 0 and t = 1. 
Case 3. Now assume that d = 3, and use the corresponding notation of 
the proof of Theorem 3. If r = s = 3, then the inequality (8) does not hold, 
and T4 is a forbidden subtree; hence s < 2. But this case is excluded by the 
hypothesis, which proves the theorem. W 
THEOREM 5. Let T be a tree with n > 6 vertices, and let 
8 
n-5 I 
Then 
i(n - 1 + Jn2 - 10n + 29)) 
and equality holds if and only if 
, 
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Proof. Let T be a tree satisfying the hypothesis, and let 
+(n - 1 + in2 - 10n + 29) . 
Then we have again 
(10) 
c A; < i(n - 1 - \ln2 - 10n + 29) < 2, 
i=2 
and the same cases occur as in the two preceding theorems. 
Case I. If d = 5, there is only one possibility for T, namely Ps. But then 
the inequality (10) does not hold for T. 
Case 2. Let d = 4. We use again the notation of the proof of Theorem 
3, which implies that r = 1. If t > 2 and s > 2 or t = 1 and s > 3, then 
hi + Ai > 2, which is a contradiction. The case s = 1 is impossible by 
presumption. If s = 2 and t = 1, the inequality (10) does not hold. The only 
remaining case is t = 0 and s = 2. But then we have equality by Equa- 
tion (6). 
Case 3. Let d = 3, and use the notation of the corresponding case of 
the proof of Theorem 3. The cases s = 1 and s = 2 are impossible by the 
hypothesis of the theorem. If s = 3 and r > 4, then T would contain the 
forbidden subtree T4. But we have equality in (10) if r = s = 3. n 
3. PARTIAL EIGENVECTORS 
After establishing upper bounds for the largest eigenvalue of trees de- 
pending on their vertex number, our goal is to develop such a formula for the 
second largest eigenvalue. In particular, it will be seen that there are only few 
counterexamples to the upper bound h, < [t< n - 3)]‘i2, which was pre- 
sented in [4]. 
It turns out that such bounds cannot be obtained as easily as in the case of 
A,. The main idea is to use interlacing for vertices x such that T - x is in a 
certain sense balanced with respect to the numbers of vertices of its 
components. The nice theory behind it is that of partial eigenvectors, which 
was developed in [4]. For completeness, we will present in this chapter some 
basic facts of this theory; the proofs can be found in [4]. 
The ideas apply somewhat more generally than only for trees; hence we 
will assume for a little while that G is a connected graph with vertices 
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1 ,***, n, x is one of them, and A is a real number. Let A be the adjacency 
matrix of G, and let e E R”. The vector e is called a partial eigenvector of G 
at vertex x if it satisfies all of the eigenvalue equations of Ae = he except 
possibly in the component corresponding to x. The number 
tqx( A) = A - i azjej 
j=l 
is called h-exitvalue of G w.r.t. x. 
THEOREM 6. Assume that A is not an eigenvalue of G - x. Then there 
exists a partial A-eigenvector of G at x, and the A-exitvalue of G w.r.t. x is 
For A E R, we call G A-critical at vertex x if 
A,(G -x) < A < A,(G). 
A tree T is said to be A-trivial if there exists a vertex x of T such that 
A,(T - x) Q A. 
Let T, and TY be disjoint trees with x E T, and y E TY. The tree 
CT,> x, y, TY> which consists of T, and T,,, together with an edge connecting 
x and y, is called a A-twin if T, and TY are A-critical in x and y, 
respectively. 
THEOREM 7. A tree T with A, < A is either A-trivial or a A-twin. 
THEOREM 8. Let T be A-trivial, and let x be one of its vertices with 
A,(T - x) < A. Then A, = A g and only if at least two components of T - x 
have greatest eigenvake A. 
For A-twins, one can use the A-exits&es in order to determine the 
relation between A and A,. 
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THEOREM 9. L.et T = (T,, x, y, T,) be a A-twin, and denote the (nega- 
tive) h-exitvalues of T, and TY w.r.t. x and y by l z and E,,, respectively. 
Then the following hold: 
1. h,<hiffE,Ey<l, 
2. h,=hife,ey=l, 
3. h,>hiffeE,ey>l. 
4. THE SECOND LARGEST EIGENVALUE OF A TREE 
As could be seen in Section 1, there exist trees T with A, > [i(n - 3)1112; 
two examples are presented in Figure 1. The purpose of this section is to 
classify all trees with this property. It will turn out that there are only “few” 
of such trees; all of them have, in a certain sense, a common structure. 
LEMMA 1. Let T be a tree with n vertices, where n is even. Then the 
following are equivalent: 
1. For every vertex x of T there exists a component of T - x with at least 
n/2 vertices. 
2. There exist vertices x, y of T together with trees T,, TY, with n/2 
vertices each, such that T = (T,, x, y,T,,). 
Proof. The conclusion of part 1 from part 2 is trivial. Hence assume that 
for every vertex x of T there exists a component of T - x with at least n/2 
vertices. Choose vertex x,, such that the vertex number of the (unique) 
component of T - x0 with at least n/2 vertices is minimal. Let y,, be the 
vertex y,, E TO which is adjacent to x0 in T. 
By hypothesis, T - y,, has a component with at least n/2 vertices, too. It 
follows from minimality of T - x,, that this component cannot be a subtree 
of TO. Call this component TX, and set TYO = TO; then T = CT,,, x,,, y,, T$. 
n 
Now we are ready to state our main theorem. Note that it corrects 
Theorem 4.7(u) of [4]. Moreover, it proves Neumaier’s conjecture that the 
trees in (12) maximize A, among all trees with even vertex number. 
THEOREM 10. Let T be a tree with n > 3 vertices. Then either 
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or there is a number s E N such that 
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(12) 
In this case. 
n-3 
A,> - 
i- 2 ’ 
and A, is the positive root of the polynomial QS( x> = x3 + x2 - (s +1)x - s. 
Equality in (11) holds if and only if 
S s I 
TE l2E=-~-3l S s-l , 1 ’ (13) s-l s-l 
Proof. The following two cases must be distinguished. 
Case 1. There is a vertex x of T such that all components of T - x 
have at most (n - I)/2 vertices. In this case, we follow the arguments given 
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in [4]. By Theorem 1, 
and it follows from interlacing that 
n-3 
A,(T) < y-- . $_ 
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(14) 
Equality in (14) implies that one of the components of T - x is a star with 
(n - 1)/2 vertices. Moreover, T is [i(n - 3)]1/2-trivial; it follows by Theo- 
rem 8 that there exists a second component of T - x that is a star with 
(n - 1)/2 vertices. But then T is one of the trees in (13). 
Case 2. For every vertex x of T, there exists a component of T - x 
with at least n/2 vertices. By Lemma 1, there exist vertices y, z such that 
T = (T,, y, 2, T,), and T,, as well as T, has exactly n/2 vertices. 
Set 
k=; and A= 
Assume that A,(T) < A. By Theorem 7, T is either A-trivial or a A-twin. If T 
is A-trivial, then we may continue as in the Case 1; in particular, it follows 
that 
n-3 
A,(T) < 2 ’ d- 
since n is even. 
Now assume that T = CT,,, y, z, T,) is a A-twin and k > 5. Then T,, and 
T, are A-critical in y and z, respectively, i.e., 
UT - Y) < A < AI(T,), (15) 
A,(T - z) < A < A(T,). (16) 
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A simple computation shows that 
+(k - 1 + \lk2 - 6k + 13) < h, 
since k > 5; we conclude from Theorem 2 that T,, and T, are stars with k 
vertices. Hence 
(17) 
or 
(19) 
Now we compute the h-exitvalues for the following situations using 
Theorem 6: 
Using Theorem 9, we obtain that A, < A for the trees (17) and (18), while 
h, > h for the trees which are characterized by (19). 
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It remains to compute A, for these trees; we follow the arguments in [4]. 
For positive integer s, consider the polynomial 
(Is(x) =x3+x~-(s+l)x-~. 
It has exactly one positive root t. Moreover, it is easy to see that the vector 
is an eigenvector e for t. The eigenvector e has exactly one pair of adjacent 
vertices such that the product of the corresponding components of e is 
negative; hence t = A,, which proves the theorem for k > 5, i.e., s > 3. The 
cases s = 1 and s = 2 can be proven by considering the tables in [l]. n 
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